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Abstract 



(N 
> 

-f-, ■ We consider the continuous model of log-infinitely divisible multifractal random mea- 

sures (MRM) introduced in HI. If M is a non degenerate multifractal measure with 
associated metric p(x,y) = M([x,y]) and structure function (, we show that we have 
the following relation between the (Euclidian) Hausdorff dimension dim// of a mea- 
surable set K and the Hausdorff dimension dim^ with respect to p of the same set: 
C(dim p H (K)) = dim// (K). Our results can be extended to higher dimensions in the log 
normal case: inspired by quantum gravity in dimension 2, we consider the 2 dimensional 
case. 
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1 Introduction 

Multiplicative cascades are random measures that were introduced by Mandelbrot in |[T6l 
to model the energy dissipation of a turbulent flow. This model, which arises as the limit of 
discrete random multipliers, has been the object of numerous studies in probability theory (see 
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for instance Ifl4ll for an account on the achieved results). In the beautiful note H, inspired by 
the work of [7], the authors related the Hausdorff dimension dim# of a measurable set K to 
the Hausdorff dimension of the same set in the random metric induced by the multiplicative 
cascade: this gave the so called KPZ formula in analogy with a similar formula in quantum 
gravity (|fl2l). 

In this work, we derive a similar formula in the context of log-infinitely divisible multi- 
fractal random measures (MRM) introduced by the authors in Q~|. MRM are scale invariant 
generalisations of the log normal model introduced in |fT5l (and rigorously defined mathemat- 
ically by Kahane in ifTTIO and the log Poisson model studied in [3]. MRM have been used 
as models of the energy dissipation in a turbulent flow (see IJ9]) and of the volatility of a fi- 
nancial asset (see [0, H); as such, MRM are much more realistic models than multiplicative 
cascades whose construction relies on a discrete dyadic decomposition of the unit interval. 
In particular, this dyadic dependent construction entails that multiplicative cascades have non 
stationary increments which is not the case of MRM. 

The following note is organized as follows: section 2 reminds the definition and main 
properties of MRM. Section 3 reminds the background on Hausdorff dimensions needed in the 
proof of the main theorem. In section 4, we state the main theorem in dimension 1 : theorem 
14.11 In section 5, we give the 2-dimensional analog for MRM and the Gaussian free field 
(inspired by quantum gravity). In section 6, we give the detailed proof of theorem |4~T] our 
proof follows tightly the one given in [O for multiplicative cascades. Nevertheless, the main 
estimates needed to carry out the proof are more difficult for MRM (the use of scale invariance 
is crucial: see item 4. in proposition 2.5 below). In section 7, we prove the theorems of section 
5. 

Remark 1.1. At the time we write this article, we have not seen the work of Duplantier and 
Sheffield f/[7|/J which inspired the note /@/: we are therefore indirectly indebted to them. It 
seems that in /[7|/ the authors prove a result similar to our theorem 15.41 (see below) using the 
theory of large deviations for Gaussian processes: it would be interesting to compare their 
result with our theorem 15.41 In this article, we do not use large deviation theory; we prove 
theorem \5~4\ by a straightforward adaptation of the proof of theorem \4. lU valid in dimension I 
for log infinitely divisible measures and in particular for log Gaussian measures). 

2 Introductory background about MRM 

The reader is referred to Q~| for all the proofs of the results stated in this section. 

Independently scattered infinitely divisible random measure. Let S + be the half-plane 

S + = {(t,y);teR,yeR* + } 



with which we associate the measure (on the Borel cr-algebra B(S + )) 

9(dt,dy) = y~ 2 dtdy. 

The characteristic function of an infinitely divisible random variable X can be written as 
E[e* 9X ] = e v ( q ', where if is characterized by the Levy-Khintchine formula 

if(q) = iraq — -cr 2 q 2 + / (e iqx — 1 — iqsin(x)) v(dx) 

2 Jr* 

and u(dx) is the so-called Levy measure. It satisfies f Rt , min(l, x 2 ) v(dx) < +00. 

Following A]], we consider an independently scattered infinitely divisible random measure 
p associated to (if, 9) and distributed on the half-plane S + (see IfTTTO . More precisely, p 
satisfies: 

1) For every sequence of disjoint sets (A n ) n in B(S + ), the random variables (jji(A n )) n are 
independent and 

p([JA n ) = ^2fi(A n ) a.s., 

n n 

2) for any measurable set A in B(S + ), n(A) is an infinitely divisible random variable 
whose characteristic function is 

We stress the fact that fj, is not necessarily a random signed measure. Let us additionnally 
mention that there exists a convex function ip defined on M such that for all non empty subset 
AofS+: 

- ij)(q) = +00, if E(e«*< A >) = +00, 

-E(e q ^) = e^WW otherwise. 
Let q c be defined as q c = sup{g > 0; ip(q) < +00}. For any q E [0, q c [, ip(q) < +00 and 

Multifractal Random Measures (MRM). We consider an independently scattered in- 
finitely divisible random measure ji associated to (if, 9) such that q c > 1, namely that: 

3e > 0, -0(1 +e) < +00, 

and 0(1) =0. 

Definition 2.1. Filtration T\. Let Q be the probability space on which p, is defined. T\ is 
defined as the a-algebra generated by {p(A); A C S + , dist(A, M, 2 \ S + ) > I}. 



Let us now define the function / : IR + — ► K. by 

I if KT 



f(l) - T if/ > T 

The cone-like subset Ai(t) of S + is defined by 

Mt) = {(s, y) eS + ;y> I, -f(y)/2 <s-t< f(y)/2}. 

For forthcoming computations, we stress that 9(Ai(t)) = f, °° f(y)y~ 2 dy < +00 and, for 

l<T,6(Mt)) = \n(T/l) + l. 

Definition 2.2. u>i(t) process. The process u)i(t) is defined as u>i(t) = p,(Ai(t)). 

Definition 2.3. Mi(t) measure. For any I > 0, we define the measure Mi(dt) = e Ul ^> dt, 
that is 

M l (I)= fe^dr 

for any Lebesgue measurable subset /cl 

Definition 2.4. Multifractal Random Measure (MRM). With probability one, there exists a 
limit measure (in the sense of weak convergence of measures) 

M(dt) = lim Mi(dt). 

This limit is called the Multifractal Random Measure. The scaling exponent of M is defined 
by 

Vg>0, ((q) = q-i>(q). 

Proposition 2.5. Main properties of the MRM. 

1. the measure M has no atoms in the sense that M({t}) = Ofor any teM. 

2. The measure M is different from if and only if there exists e > such that((l+e) > 1; 
in that case, E(M([0,t])) = t. 

3. ifC(q) > 1 then E[M([0,£]) 9 ] < +oo. 

4. For any fixed X e]0, 1] and I < T, the two processes (ui\i(\t))o<t<T and (fl\ + 
a>z(£))o<t<T have the same law, where Q\ is an infinitely divisible random variable inde- 
pendent from the process (u>i(t))o<t<T and its law is characterized by ~E[e tqnx ] = X'^. 



5. For any A e]0, 1], the law of the process (M([0, A£]))o<*<t is equal to the law of 
(W\M([0, t]))o< t <T, where W\ = \e Ux and Q\ is an infinitely divisible random vari- 
able (independent o/(M([0, £]))o<t<7\) and its characteristic function is 

E[e iqnx ] = A~ v(<?) . 

6. If((q) ^ — oo then 

E[M([0,t]) q ] = (t/T) c{9) E[M([0,T]) ? j. 

Proposition 2.6. Main properties of the scaling exponent. If there is e > such that 
C(l + e) > 1, the function q G [0, 1] i— > C( ( ?) w continuous, strictly monotone increasing and 

maps [0, 1] onto [0, 1]. 

3 Hausdorff dimension 

In this section, we just set out the minimal required background about the Hausdorff dimen- 
sion to understand our main result and its proof. We refer to (81 for an account on Hausdorff 
dimensions. 

Definition 3.1. Let (X, d) be a metric space. If K C X and s G [0, +oo[, the s-dimensional 
Hausdorff content of K is defined by 

C S H {K) = inf < y. r t'i there is a cover of Kby balls with radii ri > > . 

Using the standard convention inf = +00, the Hausdorff dimension of K is defined by 

dining) = inf {s > 0; C S H {K) = 0} . 

Lemma 3.2. (Frostman) Let (X, d) be a metric space.The s-capacity of a Borelian set K C 
X 

Cap,(A-) = inf (( f | S - ir . 7W *))-'; ,isa Borelneasures^ka^K) = 1 

is linked to the Hausdorff dimension of K by the relation 

dim H {K) = sup {s > 0; Cap s (Ji) > 0} . 



4 KPZ formula in one dimension 

If we define for i,!/6K, p(x, y) = M([x, y]), then P a.s. p is a random metric on R. The 
interval [0,T] can be seen as a metric space when it is equipped either with the Euclidean 
metric | • | or with the random metric p. The main purpose of this paper is to establish a 
relation between the Hausdorff dimension of a measurable set K C [0,T] equipped with 
the Euclidean metric and its Hausdorff dimension with respect to the (random) metric space 
(%T},p). 

Theorem 4.1. Assume there is e > such that ((1 + e) > 1 and that for all q G [0, 1] we 
have ip(—q) < oo. Let K C [0, T] be some deterministic and measurable nonempty set and 5q 
its Hausdorff dimension with respect to the Euclidian metric. Then the Hausdorff dimension 
dim p H (K) of K with respect to the random metric p coincides P a.s. with the unique solution 
5 in [0, 1] of the equation 8q = C(^)- 

Remark 4.2. We can see p as a strictly increasing function on [0, T]: x —> p(0,x). By 
definition of dim p H , we have P a.s.: 

\/K e B(p([0,T})), drni p H (p-\K)) = dim H (K) 

Applying the above equality to p{K), we get an equivalent formulation to theorem \4.1\ if K 
is some deterministic measurable set, we get P a.s.: 

C(dim H (p(K))) = dim H (K) 

5 KPZ formula in 2 dimensions 

In this section, inspired by the KPZ formula in continuum quantum gravity ( lfT2lO . we consider 
the natural extension in dimension 2 of the results of the previous section in the log normal 
case (the results of section 5.1 have analogs in all dimensions). 

5.1 The log normal MRM measure in dimension 2 

The log normal MRM in dimension 2 is the random measure M in M 2 defined formally by: 

\/A e B(R 2 ), M(A) = f e x(x)-hnx(x) 2 ldx 

J A 

where (X(x)) :EGK 2 is a "Gaussian field" whose covariance is given by: 

R 



E[X(x)X(y)] =Y^ 



\x-y 



where 7 2 and R are two positive parameters. To give a rigorous meaning to M, one can use 
the theory of Gaussian multiplicative chaos introduced by Kahane in IfTTTl or it's extension 
defined in |fT8l . In this framework, the measure M is the multiplicative chaos associated to 
the function ln + -A and it can be defined almost surely (see example 2.3 in |[T8lO as the limit 
(in the space of Radon measures) as / goes to of the random measures Mi(dx) defined by: 

VA e B{R 2 ), Mi{A) = [ e Xlix) ~^ [Xlix)2] dx 

J A 

where (Xi(x)) x gsP is as centered Gaussian field whose covariance is given by: 



i~*\ n R + 2 'v 2 (l- *P V ~ X \) if |y-xl</ 

2 + r v I : 

7^1n + y-?-; if \y — x\> I. 

i \y-x\ i» i 

One can note the following scale invariance property for [Xi[x)) x ^p.\ if A G]0, 1] and I < R, 
the two fields (X\i(\x))\ x \<r and (Q,\+ Xi(x))\ x \<jihave the same law, where £l\ is a centered 
Gaussian random variable independent from (Xi(x)) x& m. 2 and of variance 7 2 In j-. By taking 
the limit as / goes to 0, we get the following scale invariance for M: if A e]0, 1], we have the 
following identity in law: 

(1) (M(XA)) AcB{0jR) {L = ] \ 2 e^-^{M{A)) AcB{0 . R) . 

Taking the expectation in (0Q) to the power q e [0, 1], we get: 

E[M(B(0, A)) ? ] = (4) C(5) E[M(B(0, R)) q ] 
R 

with: 

C(g) = (2 + 7 2 )g-^g 2 . 

Finally, it is possible to extend naturally the notion of Hausdorff content (and Hausdorff 
dimension) on a metric space (X, d) to a measurable space X equipped with a measure /x by : 

Ch(K) = hif \ VJ fJ'(B(xi, ri)) s ; there is a cover of K by balls B(xi, r^with radii r t > 

With these extensions, we can state the following 2-dimensional analog to theorem |4~T1 

Theorem 5.2. Assume that 7 2 < 4. Let K C B(0,R) be some deterministic and measurable 
nonempty set and 5$ its Hausdorff dimension with respect to the Euclidian metric. Then the 
Hausdorff dimension dim^ (K) of K with respect to the random measure M coincides P a.s. 
with the unique solution 5 in [0, 1] of the equation 5q = ({$). 



Proof. Just note that, in this setting, the Frostman lemma is unchanged if we define the ca- 
pacity of M by the following formula: 

Cap s (K) = inf < ( / (M(x, \y — x\))~ s ^(dx)^(dy)) ; 7 is a Borel measure such that j(K) = 1 

I ^ JKxK 

The proof is then a straightforward adaptation of the proof of theorem |4~T] 

□ 

5.3 The exponential of the Gaussian Free Field 

In this subsection, as an application of the previous subsection, we prove the KPZ formula for 
the exponential of the Gaussian Free Field (GFF) in 5(0, R): this corresponds in B(0, R) to 
the gravity measure considered on a 2 dimensional surface in 0. The GFF is an important 
object in Conformal Field theory since it has the conformal invariance property and a spatial 
Markovian property (see lfT9l ). Formally, the GFF (or Euclidian bosonic massless free field) 
in B(0, R) is a "Gaussian Field" X with covariance given by: 

E[X F (x)X F (y)] = G R (x,y), 

where G R is the Green function of B(0, R) (see for example chapter 2.4 in lfT3l for the def- 
inition and main properties). Let the process B t be Brownian motion starting from x under 
the measure P x and consider the stopping time T R = inf{£ > 0, \B t \ = R}. If we denote 
p R (t, x, y) = P x (B t e dy, T R > t), we have: 

/■oo 

G R {x,y)=iT p R (t,x,y)dt. 
Jo 

Note that for each t > 0, p R (t,x,y) is a continuous positive and positive definite kernel 
on B(0,R). Therefore, we can define the GFF measure M F as multiplicative chaos ( IfTTI ) 
associated to the kernel ^y 2 G R where 7 2 < 4. In this framework, M F is the almost sure limit 
(in the space of Radon measures) as I goes to of the measure: 

Ml , F = e *iA*)-¥<[XiA^ dx 

where Xi >F is a Gaussian field with the following covariance: 

r+<x> 
K[X ljF (x)X hF (y)] = 7 2 7T / p R (t, x, y)dt. 



We know have the following analog of theorem l5?2l 
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Theorem 5.4. Assume that 7 2 < 4 and r < R. Let K C 5(0, r) be some deterministic 
and measurable nonempty set and S its Hausdorff dimension with respect to the Euclidian 
metric. Then the Hausdorff dimension dim^(K) of K with respect to the random measure M 
coincides P a.s. with the unique solution 5 in [0, 1] of the equation 5q = (($)■ 



6 Proof of Theorem 141 

Lemma 6.1. Let x < y G R If q G [0, 1] then 

E[p(x,yy]<C(T,q)\x-y\^\ 

where C(T, q) is a positive constant only depending on T, q. As a consequence, ifK, S, 5o are 
defined as in Theorem \4.1\ then a.s. ((dira'^(K)) < 6q. 

Proof. By stationarity of the measure M and Proposition [231 we have 

E[p{x,y) Q ] = E[M{[x,y})' 1 ] = E[M([0, y - x\) q ] = \y - x\ aQ) T~ aq) E[M{[0,T]) q ]. 

So we can choose C{T, q) = T~^E[M([0, T]) q ] < +oo. 

Let a > and q G [0, 1] such that £(g) > 5 . There exists a covering of if by a countable 
family ([x n , y n ]) n such that J2 n \x n ~ £/n| C(<?) < a. Hence 

E [$>(£„, </„)«] =J2Kp(xn,y n ) q ] <C(T,q)J2\yn-x n \ C{q) <C(T,q)a. 

n n n 

By the Markov inequality, P( J2 n p(x n , y n ) q < C(T,q)y/a) > l — y/a. Put in other words, with 
probability 1 — y/a, we have a covering of K with balls whose p-radii satisfy Y2 n p(x n , y n ) q < 
C(T, q)\fa. Thus q > dim. p H (K) a.s. and the lemma follows. □ 

Proposition 6.2. Let K, S, S , dim p H (K ) be as in Theorem \4.1\ and let q G [0, 1] be such that 
C(q) < S . Then a.s. q < dim p H (K), that is 5 Q < ((dim p H (K)). 

Proof. Since ((q) < 5 , by the Frostman Lemma, there is a Borel probability measure 7 
supported by K such that To(-K') = 1 and 

\ x _ y\-^ti 7 (rfx) j (dy) < +oo. 

[0,T] 2 

Let us define, for any < I < T, the measure on [0, T]: 



and its associated metric on K: 

Vx,yGM, Pi(x,y) = vi([x,y]). 
We now investigate the quantity: 



[0,T]2 

E 

[0,T]2 

2 / E 

J y>x 



0(/,7o)=E / pi(x,y) q v l {dx)v l {dy) 

' PI (X, 2/ )-S e ^W+^( J /)-2^( S )(ln(T/0+l)j 7o(dx)7o(rfy) 

p,(0,J/ - x )-^^(0)+^( J /-x)-2^( 9 )(ln(TA)+l)j 7o ( rfx ) 7o (^) 

by stationarity of the process uj\. To this purpose, we split the above integral in two terms as 

'pi{0,y- x )-9 e w(o)+w(v-*)-^(9)Cin(r/o+i)l lo ( dx ) lo ( dy ) 

Pi(0,2/ - X )-? e ^(0)+^(^)-2^( g )(ln(T//) + l)j 7o(rfx ) 7o (^) 



0(^,7o)=2 / 

'0<y-x<l 



+ 2 / E 

Jy—x>l J 

=0i(*,7o) + 02(^,7o)- 

We first estimate 0i(/, 70) • Using the Jensen inequality and the decrease of the mapping 
x 1— > x~ q yields 



& (J, To) 



-2 E 

J0<y-x<l 

2 e -2^(g)/2V(<?) 



y-x 



e Mr)dr\ H e qu l {0)+quj l (y~x)~2^(q)(\n{T/l)+l) 



lo(dx)n/ (dy) 



E 



< 



0<y-x<l 

o< y -x<i TW(i)\y-x\i 



y-x 



,ui(r)-0Ji(O)-ui(y-x) ^ f 



E 



,fi—(<W (0)+8W, (y-xj-gw, (r)) -^ 



7o(cix)7o(rf2/) 



^o{dx)^o{dy). 



Given < x < y < T such that y — x<l, define A\ = A; (0) n A\ (y — x) 7^ 0. Each cone-like 
subset Ai(r) (0 < r < y — x) can be split into three terms as Ai(r) = Af(r) U A\ U Af (r), 
where Af (r) (resp. Af (r)) denotes the part of Aj(r) located on the left (resp. right) of A\. It 
is worth emphasizing that: 
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is a right-continuous martingale, as well as (uf {r))o< r < y -x where: 

uf(r) = AM (0) \ A^r)) - 1/(0)9(^(0) \ Af (r)). 
By using the fact that ^'(0) < 0, we get: 

gw,(0) + gw,(3/ - x) - qu t (r) = qwj + q^(A? (y - x) \ A?(r)) + g^(Af (0) \ A? (r)) 

< gu; z l + quf(y — x — r) + qujf(r). 



Since (a>f (r)) r , (of (r)) r and iy/ = /x(Aj) are independent, the last expression is estimated as: 
0i (J, To) 

2 e -2V(9)/2V(<?) 



< 



T 2 ^(i) 



E[e^]E[ sup e^ (y - x " r) ]E[ sup e quJ ' {r) ] j (dx)j (dy) 

V X| 0<r<y—x 0<r<y—x 



'0<y—x<l 

f 2C 2 e~ 2i,{q) l 2 ^ q) 

-Jo<y-x<i T^)\y-x\o [ J [ J [ J m Jm 9h 

the last inequality resulting from the Doob inequality applied to the function x — > e x (C q is a 
constant only depending on q). It remains to compute 9(A\), 9(Af (0)) and 9(Af(y — x)). It is 
plain to see that 

9(A\) = ln(T/0 + 1 - (y - x)/Z, (9(Af (y - x)) = 0(A?(O)) = (y - x)//, 

in such a way that (we use that ip(q) < for all q in ]0, 1[): 

(2) 



2(72 e -2^( g )^2^(9) 



'o< ri <i T 2 ^)|y-x|* 
< 2e -2^'(o) c <2 (eT) -^( g ) 



^ 9 )(.n(T/0 + l + ( 9 -,)/i) e 2 W ( 9 )^^(0)^) 7o(&)7o((|l/) 
1 



|C(?) 



lo(dx)<y (dy). 



*0<y-x<l \V x \ 

Let us now focus on 02 (/,7o). In what follows, we make a change of variable u = Tr/(y- 



x 



02^, To) 



r pW (0)+qui (y-x)-2^{q)(ln(T/l)+l) 



2 I E 

'y-x>l 



jy-x^^drX 



2T q re 9O)i(0)+?o;/(i/-a:)-2^(g)(ln(T/0+l) 

-E 



-x>i \y-A q 



j? ^((y-x^T-l) du \ 



7o(c/x)7o(o?y) 

7o(dx)-f (dy) 
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We remind the reader of the following property: the process (u>i> a (od))o<t<T has the same law 
as the process (fi Q + tui'(t))o< t <T, where a g]0, 1], V <T and Vt a is an infinitely divisible 
random variable independent from the process (^/'(£))o<t<T suc h that Efe'"^] = a~ v<yq \ In 
particular, choosing V = lT/(y — x) and a = (y — x)/T, the process (uJi((y — x)t/T~)) <T 
has the same law as the process (£l( y - x )/T + ^iT/( y -x)(t))o<t<T- Plugging this relation into the 
above estimate of </> 2 (Z, 70) yields 



fa(l, To) 



2T q 



-E 



-x>i \y ~ x \ 



qtt (y _ x)/T +qujjT_ (0)+quijr_ (T)-2i/>(g)(ln(T/Z)+l) 
g y— <c y—x 



I J e y~ x au 



7o(dx)io(dy) 



nmfM qwjj_(0)+qiOjj_(T)~2i,(q)(\n(M^) + l) 

21 '^' re y -1 y~ x 

E 



-:z>; |2/ ~~ x 



C(?) 



U 



t ^_n_i u ) \ q 
e y~ x au 



lo{dx)-y (dy) 



Thus it just remains to show that there exists C > such that for all /' in [0, T]: 

- e gw,,(O)+«w,,(T)-20(ff)(hi(T/J')+l) 



E 



<c 



J ePi'Mdu 
In the above inequality, we will restrict to the (non obvious) case V E [0, T/4]. We have: 

- ^,(0)+g^,(T)-2^(g)(ln(TA')+l) 
E 



< E 



f J T e u «'Mdu 

e go;,,(0)+ga;j/(r)-2V(9)(ln(r/J')+l) 



; T 3 / T 4 /4 « 



/t"' 
It is worth mentioning that the sets A^(0), Ai>(T) are disjoint. We then define 

Bf, = A v (U)\A v (T/A) 

We stress that for any u in [T/4, 3T/4]: 

A v [u) n ££ = 0, A r («) n £* = 
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Using the relation 6(B?,) = 6{B 9 V ) = ln(T/Z') + 1 - ln(4) and the independence of fi(B^), 
H(B$), (/J,(A v (u)))t/a<u<3T/a, we get: 



E 



qw v (0)+qu v (T)-24,(q)(\n(T/l')+l) - 



3T/ V«'(»)d« 



yJr/A 

e -2V>(g)(ln(T/F)+l) E 



e ^(Sf,) 



E 



e 1^Bf,) 



E 



39 /i(A,, (0)nA,, (T/4))+q^A lt (T)nA,, (3T/4)) 



ffe^'Wdu 



e -21n(4)^(q) E 



3 <Wi(^' (0)nA,, (T/4))+g/,( J 4 i , (T)nA,, (3T/4)) 



ffil* tfi'to du 



Let us denote -4f,(u), «4f,(tt) the following sets for u e [T/4, 3T/4]: 

Af,(u) = (MO) n A,,(u)) \ M3T/A) 
Af,(u) = {A v {T)nA v {u))\A v {T/A) 



We have the following decompositions: 

n(M0) n A,, (T/4)) = //(.Af,(T/4)) + /i(A'(0) n A P (3T/4)), 

^U'(r) n M3T/4J) = JAf,(3T/4J) +im(a v {t) n ^(r/4) 



We also have for all u in [T/4, 3T/4]: 

h{Ai'(u)) =ju(^f,(«)) 

+ /i(A P (o)n^(3r/4) 

+ /i(^(T)n^(r/4) 
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Therefore, we get: 



E 



e qLJ l ,(0)+qw l ,(T)-2f(q)(\n(T/l')+l) 



U 



$ A eWMdu 



_ e -21n(4)V(«) E 

_ e -21n(4)^(g) E 

< e -21n(4)V(?)] E 

X E 



3 g/i( J 4 ! ,(0)nA 1 ,(r/4))+ W (A 1 ,(T)nA 1 ,(3T/4)) 



/SV*'(«)duY 



/T/4 



D(?At K,(r/4))+q M (^,(3T/4)) 



r3T/4 eM (Af,(u))+/.(^f / («))+ Al (A ! ,(«)\(^,(0)uA ! ,(T))) ^ 



e g M (^f,(T/4))- g mf uAt (^f,(«)) 



QM (^f,(3T/4))-ginf» M (Af,(«)) 



E 



J^/ 4 eM (A,,(u)\(i4,/(0)LM,/(r)) ^ M 



-21n(4)^(g) E 



e ««up u (M^/(r/4))-M(^f/(«))) 



x E 



=9 sup J/,(^f, (3T/4))-/,(.4f, («))) 



E 



j^/ 4 e MA' («)\(A,(o)uA,(T)) d M 



-21n(4)^(g) E 



e 9 8up u (M(^f,(T/4)\^f,(u))) 



x E 



e qBap u MAf,(aT/4)\Af,{u))j 



E 



Jr/4 74 e^(A' W\(^ ! '(o)uA i ,(T)) du 



The process 



/i(^f,(T/4) \ A°,(u)) - tl/(O)0W,(T/4) \ A 9 v {u)) 



is a martingale for u in [T/4, 3T, 4] and we have 0{A 9 l ,{T /A)) bounded independently from V . 
By applying Doob's inequality, there exists some constant C > independent from I' such 
that: 



Similarly, we have: 
Therefore, we get: 



E 



E 



,5sup„0i(A»(T/4)\^f,(u))) 



=(JSU p,X.4?,(3T/4)\.4f,(«))) 



<c. 



<c 
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E 



e go;, / (0)+ga; i ,(T)-2V(<?)(ln(T/r)+l) 



ff'\«^)du 



<CE 



ff 1 ^ e v{\>{u)\{A v {$)UA v {T)) du 



Since ip(—q) < oo, by using the same argument than the proof of theorem 3 (Moments of 
negative orders) in (31, one can show that: 



supE 
v 



u 



3T/4 Mi,-(«)\(A'(0)UA'P)) , \i 

T , 4 e V / du 



< oo. 



To sum up, gathering the estimates of (f>i(l, 70) and foil, 7o)> we have proved the existence 
of some constant C > such that: 



0(/,7o)<C 



[0,T]2 12/ - x 



C(«) 



~f (dx)~t (dy) < +00. 



Let us now define the measure i>(d£) = lim;_ +0 + ^j(dt) (see Lemma l631 below). From Lemma 
3] and the Fatou lemma, we obtain 



E 



p(x,y) q v(dx)v(dy) 



[0,Tp 



< E 



liminf / Pi(x,y) q Vi{dx) vi(dy) 

■ l ^ 0+ J[Q,T\ 2 



< liminf E 



<C 



pi(x,y) q ui(dx) vi{dy) 



[0,T] 2 
1 



[o,t]2 11/ - a; 



C(g) 



^ {dx)^ {dy) < +00. 



As a consequence, P a.s. the integral L T , 2 p{x, y) q v{dx) v{dy) is finite. We complete the 
proof with the Frostman Lemma. □ 

Lemma 6.3. Assume that we are given q e [0,1] such that 

7o(cb)7o(*/) 



[o,rp \y~ x 



C(<?) 



< +00. 
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We consider, for any I > 0, the measure on [0, T\: 

v l (dt)=e^ t) -^ ) ^ {T/l)+1 ) lQ (dt). 
Then the weak limit (in the sense of measures) 

v{dt) = lim i>i(dt) 

exists P-a.s., is finite, supported by K F-a.s., and we have 



p(x,y) q v(dx)v(dy) < liminf / Pi(x,y) q u t (dx) vi(dy). 

[0,T] 2 l ~* 0+ J[0,T] 2 

Proof. According to the proof of Proposition l6.2[ we have 

Furthermore, p L (x, y) < pi(0, T) for any < x < y < T, in such a way that 

EHA?pdO,T)-^} < «/,») < C f If^l < +0o 

J[o,t\* \y - x\ aq} 

for any Lebesgue measurable subset A of [0, T], Moreover, if the Lebesgue measure of A is 
strictly positive then the Holder inequality yields 

(3) . n i f lo{dx)^ {dy) 

<C — j , , < +oo. 

i[o,T]2 \y - x\^ q) 

We remind the reader that (vi(A))i is martingale for any Lebesgue measurable subset A of 
[0, T]. From ©, this martingale is bounded in L l+e for some e > 0. As a consequence, it 
converges P-a.s. towards a limit denoted by v(A) as I — ► 0. It is readily seen that v is a 
measure on [0, T] P-a.s. Since z/j(lf c ) = 0, it is clear that v(K c ) = P-a.s. 

Finally, E[v([0,T])] = lim^ Eh([0,T])] = 7 o([0,T]) > 1. Moreover {u([0,T}) > 0} 
is an event of the asymptotic a-field generated by the random variables (ui(A))i and has 
therefore probability or 1. As a consequence, the event {^([0, T]) > 0} has probability 1. 

The last inequality of the lemma results from Lemma l6~4l below and the weak convergence 
of measures. □ 
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Lemma 6.4. P a.s., the metric (pi)i uniformly converges towards the metric p as I —> 0, that 

is 

Pes,, lim sup \pi(x,y) — p(x,y)\ = 0. 

l ^° 0<x<y<T 

Proof. The mapping x i— > p(0, x) is continuous because of the non-degeneracy of p (see 
Proposition 12.51) . Moreover, for each I > 0, the mapping x i— ► pz(0,x) is increasing and 
the sequence (pi(0,x) converges pointwise P a.s. towards p(0,x) (see Definition 12.41) . The 
uniform convergence then results from the Dini theorem. □ 



7 Proof of theorem 5.4 



Let r < R. We choose 5 > such that r + § < R. With the notations of section 5.1, one 
can see that there exists two positive constants c^, C r j such that for all x, y G B(0, r + 5) we 
have (independently of I and x, y): 



(4) 



E[X z (x)X z (2/)] + c M < E[X ltF (x)X,, F {y)] < E[X,(a;)X,(j/)] + C r 



Proo/o/: C(dim^(JO) < dim H (K). 

The inequality © and the classical corollary 6.2 in lfT8ll imply the existence for q G [0, 1] 
of Cg )7 .,<s > such that: 

VBfo, r<) C 5(0, r + 5), E[M F (5(x i , r*)) 9 ] < O^rf q) . 

We conclude by using the same argument than in the proof of theorem |4~T] 

Proof of: ((dim^(K)) > dim H (K). 

Suppose £(q) < dim H (K). Following the notations of section 6 (proof of theorem |4. 1 1) , 
we consider a measure 70 supported by K such that 70 (K) = 1 and 



x-y\ Q[q) y (dx) 7o(rfy) < +00. 



[0,Tp 



The inequality © and the classical corollary 6.2 in [fT8l imply the existence of some constant 
Cq,r,5 > such that for all x,y E 5(0, r) with \y — x\ < 5: 



E , 

'B(x,\y-x\) 



3 Xi, F (*)-^E[Xi, F (*) 2 ] dj? \-« e ffX llJ? (*)+grXi, il .(i,)-4E:[X I ,,(x) 2 ]-^E[X J , i i.(i/) 2 ] 

B(x,\y-x\) 
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Taking the limit as / goes to 0, this implies: 



lim f 7o(dx)7o(dy)E[(/ e *i,W*HE[*«,H*) a ]d z )-? e 9 

l^oo J \v-x\<8 L JB(x,\v— x\) 



e X l!F (z)-^ElX ttF (z) 2 }^^-q p qX l!F (x)+qX LF (y)-3 T ElX LF (x) 2 ]-3 T ElX LF (yf 
' B(x,\y-x\) 



l^oo J\y— x\<8 
< CO. 



< C^hrn / 7b(tfe)7o(dj/)E[( / ^W-^[^W a ]^)-3 e ^(*)+«^(y)-4 E W(*) 2 ]-4 E W(v) a ]' 



_B(z,|?/-x|) 



We remind that the second inequality above results from a straightforward adaptation to 
the 2 dimensional case of the proof of theorem |4~T1 (in the log normal case). 

We then conclude by using the same argument than in the proof of theorem |4~T1 
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